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Abstract: Inspired by the AdS/CFT correspondence, we show that any G/H symmetry 
breaking pattern can be described by a simple two-site moose diagram. This construction 
trivially reproduces the CCWZ prescription in the context of Hidden Local Symmetry. We 
interpret this moose in a novel way to show that many little Higgs theories can emerge from 
ordinary chiral symmetry breaking in scaled-up QCD. We apply this reasoning to the simple 
group little Higgs to see that the same low energy degrees of freedom can arise from a variety 
of UV complete theories. We also show how models of holographic composite Higgs bosons 
can turn into brane-localized little technicolor theories by "integrating in" the IR brane. 



1. Introduction 



Whether or not strong dynamics ultimately explains the hierarchy problem, theories that 
exhibit confinement are undoubtedly the most elegant way to generate large hierarchies of 
scales p. In the context of the standard model, there is the unfortunate reality that the 
electroweak scale (246 GeV), the precision electroweak scale (~ 10 TeV), and the flavor scale 
(~ 1000 TeV) are well separated, and no known strong dynamics can elegantly explain three 
hierarchies. In this light, little Higgs theories ^, ^, |^, |7|, ^, IC] are a reasonable com- 



promise to the hierarchy problem: strong dynamics separate the precision electroweak scale 



from the Planck scale, collective breaking explains the "little hierarchy" |11, 12 1 between the 



confinement scale and the electroweak scale, and the flavor problem is presumably addressed 



by some sort of GIM mechanism [13| 



For all the phenomenological successes of little Higgs theories, their structure can seem a 
bit artificial from the high energy perspective. While the SU{5)/SO{5) littlest Higgs || could 
arise from strong SO{N) dynamics iQ, the {SU{3)/ SU(2))'^ simple group little Higgs ^ has 
no obvious QCD-like UV completion, because it is hard (though not impossible) to imagine 
that an ordinary confining theory would break an SU{N) flavor symmetry to SU{N — k). In 
this light, technicolor theories [|l^, 16 1 seem a lot more realistic (if not phenomenologically vi- 



able) in that they are simply scaled-up versions of ordinary SU {Nf)^ x SU {Nf)ji SU (Nj) £, 
chiral symmetry breaking in QCD. But before we dismiss the little Higgs theories as inter- 
esting but artificial constructions, we will actually show that any {SU{N)/H)'^ little Higgs 
theory can arise from n copies of QCD with flavors! In other words, the little Higgs could 
literally be a pion of QCD. 

We will show that an SU{N)/H little Higgs theory where an F subgroup of SU{N) is 
gauged can be described by the moose diagram: 

Global: SUiN)L SUiN)R 

Q-^ — — O ^'-'^ 

Gauged: F SU{Nc) H 

This is just QCD with N flavors where some of the flavor symmetries have been gauged. As 
we will see, this "little technicolor" moose emerges quite naturally from deconstructing the 
AdS dual of some quasi-CFT. However, even without insight from AdS/CFT, we could study 
eq. (1.1) in its own right as a novel UV completion of little Higgs theories. 



The main results of this paper are contained in section g: we present the AdS/CFT in- 
spiration for little technicolor and show how it connects to the known formalisms of CCWZ 
[|l^, 18 1 and Hidden Local Symmetry (HLS) [|l9|; we then reinterpret the HLS construction 



in a novel way to arrive at the little technicolor moose. In section ^, we apply the little 
technicolor construction to the {SU {?>) / SU {2))^ simple group little Higgs to show how the 
same low energy degrees of freedom can arise from four very different theories: a straight- 
forward application of AdS/CFT, two copies of QCD, one copy of QCD in the vector limit 
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[pC| ], and a known AdSs construction |21|] that superficially does not look like a little Higgs 
theory (but really is). We return briefly to AdS space in section ^ to show how "integrat- 
ing in" the IR brane can turn holographic composite Higgs models into brane-localized little 
Higgs theories. We comment on vacuum alignment issues in section |5[ and we conclude with 
some outstanding questions about more general little Higgs theories and speculations on the 



Wess-Zumino-Witten term |22, 23|. 



2. From AdS/CFT to QCD via CCWZ and HLS 

The starting point for our analysis is the AdS/CFT correspondence 25, |2^ and its 
phenomenological interpretation |27, There is a straightforward way to construct the 

AdS dual of a CFT that yields a G/H nonlinear sigma model at low energies and where a 
subgroup F C G is gauged: simply consider a slice of AdSs [29| with bulk G gauge bosons 



where the gauge symmetry is reduced to F on the UV brane and H on the IR brane |21|: 



0) 

a 
> 




H 



i-i 



Dual 



CFT with global G symmetry 
+ 

F c G gauged 
+ 

G/H symmetry breaking 



(2.1) 



This construction was studied in the context of the littlest Higgs in |3C]. In this paper, we 



take the obvious next step and deconstruct the warped dimension |31]. The link fields in 
the moose are the Wilson lines constructed out of , and the warp factor is reflected in the 
different decay constants on the links |32|: 



Global 



Gauged : 



G 



G 



G 



G 



G 



(2.2) 



G 



H 



Going to the extreme where we only introduce sites corresponding the UV and IR branes, 
we arrive at a moose diagram which at low energies is supposed to describe a G/H nonlinear 
sigma model with F C G gauged: 



Global : 



G 



G 



(2.3) 



Gauged : 



H 
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In this AdS/CFT-inspired G/H moose, the subgroup H (which was a global symmetry from 
the low energy perspective) has become a gauge symmetry. 

Now, this construction of a G/H nonlinear sigma model is quite well-known and is referred 



to in the literature as Hidden Local Symmetry (HLS) (see |1£] for a review). The link field ^ 
is identified with the Goldstone matrix in the CCWZ prescription ||T7| , |l8|, and the H gauge 
bosons are interpreted as auxiliary fields. In appendix we show how to generate the G/H 
nonlinear sigma model by explicitly integrating out the bulk of AdSs, but starting from the 
G/H moose in eq. (^), it is trivial to reproduce the CCWZ results in the spirit of HLS. 
The effective lagrangian for ^ = e^^^^ is 



C = --^ tr - tr Hi, + f tr \D^i\\ D^i = d^^ + iF^i - i^H^, (2.4) 
^9f ^9h 



where H G G is the Goldstone matrix, / is the Goldstone decay constant, and F^ and ff^ are 
the gauge fields associated with the F and H gauge groups. We can go to a unitary gauge 
where H G G/{F U H). At tree level, the spectrum consists of the massless Goldstones from 
^, the massless gauge bosons in F D H, and the massive gauge bosons in F U H. 

In the limit gn ^ oo, the massive gauge bosons in H decouple, and we can simply 
integrate out H^. For convenience, we decompose the object ^^(5^ + iF^)^ into elements of 
H and G/H: 

i\d^ + iF^)i = v^+p^, v^eH, p^eG/H. (2.5) 
To leading order, the H^^ equation of motion sets 

iHf, = v^,. (2.6) 



Plugging this value of H^ into eq. (2.4) in the gn oo limit: 



VtrF2, + /2trp^pj„ (2.7) 



2ff 

which is precisely the CCWZ phenomenological lagrangian. Similarly, if a fermion is charged 
under H, if) ^ hip, its kinetic term before and after integrating out i?^ is 



£^ = 'ipia^{dn + iHn)'ip, = ipia'^{dfj, + Vp)il) + -j^ (four-fermion operators) , (2. 



in agreement with CCWZ and nai've dimensional analysis (NDA) []33| , |3^ for the size of 
four fermion operators. More generally, for finite gn, it is easy to show that the size of 
higher order interactions from integrating out H^ are consistent with NDA with the choice 
^ = 9Hf- Whereas the original CCWZ prescription for arbitrary G/H required some insight 
to understand the importance of and p^, the lagrangian in eq. ( |2.4| ) is trivial, and the 
CCWZ prescription falls out immediately from integrating out H^. 

For finite gn, this HLS construction can used as a model for p mesons in confining 



theories (more precisely, p mesons in the "vector limit" [20|; see also [^]). Indeed, in 
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the AdS picture, the H gauge symmetry on the IR brane is the "gauge symmetry" associated 
with Ught spin-1 KK modes which are holographicahy identified as CFT resonances. It has 
been observed that repeated apphcations of HLS as a model of higher p-like resonances can 
reconstruct an extra dimension ||3^, |3^, 40 1, and in this hght, the CCWZ prescription (as 
interpreted through the G/H moose) could be seen as the first hint that confining theories 
holographicahy generate an extra dimension. 

In the context of little Higgs theories, the G/H moose was implicitly studied in [^] to 
try to understand the UV sensitive parameters in the SU{5)/ SO{5) littlest Higgs, and they 
found that by including a S0{5)s worth of p mesons, all the UV sensitive parameters in the 
original littlest Higgs became finite to one-loop order. (See in the context of ordinary 
QCD.) This is easy to understand from the point of view of the G/H moose. When gn = 0, 
all of the Goldstones in ^ are exact, so the gauge coupling gn acts like a spurion for the 
soft breaking of SU{5). In the gauge sector of the littlest Higgs, the Higgs potential is now 
controlled by three spurious instead of just two, so by collective breaking there can be no 
one-loop quadratically divergent contributions to the Higgs potential. 

Similarly, by extending the moose as in eq. ( p. 2D to approximate a tower of spin-1 reso- 
nances, the Higgs potential can be made arbitrarily well behaved, because the gauge coupling 
on each site now acts like a spurion for SU{5) breaking |^]. This feature has been used to cal- 
culate the Higgs potential in AdS5 models where the Higgs is a holographic pseudo-Goldstone 
boson 1 21, E^, IsO], and as we will discuss in the section 0, there is always a notion of collective 



breaking in any holographic Higgs model because both gp and gn must be turned on for the 
Goldstones in ^ to acquire a radiative potential. 

So to date, HLS has been a way to discuss the spin-1 phenomenology of confining theories. 
In this paper, we observe that the H gauge symmetry can also survive deep into the ultraviolet! 
In the case that G = SU{N), we can write down a simple UV completion for the moose 
diagram in eq. (|2.3| ). (The links now correspond to fermions.) 

Global : SU{N)l SU{N)ii 

(2. 



Gauged: F SU{Nc) H 

We recognize this as the moose diagram for QCD with flavors, where some of the fla- 
vor symmetries have been gauged. When SU{Nc) confines, the fermion condensate {ipip^) 
will become the link field ^. Specializing to the littlest Higgs (with only one hypercharge 
generator) : 

Global: SU{5)l 5C/(5)r 

^ O > ( ) (2-10) 



Gauged : SUi2f x U{1)y SU{Nc) S0{5) 
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Apparently, the SU{5)/ S0{5) littlest Higgs is contained in ordinary QCD with five flavors 
with the appropriate gauging of the flavor symmetries. In other words, this theory is tech- 
nicolor, albeit with different gauge groups. Below the confinement scale, the 5*0(5) gauge 
bosons will become heavy via chiral symmetry breaking, and assuming the SO (5) gauge cou- 
pling is large enough, we can integrate them out to generate a SU{5)/ S0{5) nonlinear sigma 
model. 

In other words, this "littlest technicolor" model has exactly the same low energy phe- 
nomenology as the original littlest Higgs, despite the fact that we have introduced a new 
gauge symmetry. Of course, now that we understand that little Higgs theories could come 
from technicolor- like theories, we inevitability encounter some of the same tensions from tech- 
nicolor, such as how to generate fermion Yukawa couplings without introducing new sources 
of flavor violation p3| , 44]. (We discuss some aspects of fermions in appendix |^.) Also, as 
presented, the moose in eq. ( |2.10D has anomalies associated with the F gauge group (but no 
anomalies that involve H because '0'^ transforms as a real representation of SO {5)), so one 
would have to hope that some of standard model fermions act as spectators to cancel these 
anomalies. On the other hand, it is remarkable that such a simple UV completion exists. 

Before going on to discuss little technicolor in the context of the simple group little Higgs, 
we remark that our attitude to spin-1 fields is similar in spirit to the Abbott-Far hi model of 
electroweak gauge bosons Ignoring hypercharge, the moose diagram for a massive 

W boson with a custodial SU (2) symmetry is: 



Global 



SU{2) 



SU{2) 



(2.11) 



Gauged : SU{2) 



If the only thing we knew about the W boson was that it was a massive spin-1 field, then we 
could imagine many different UV completions for eq. ( 2.11| ) that would unitarize W longitu- 
dinal mode scattering. In the standard model, the link field is assumed to be UV completed 
into a linear sigma field. In technicolor, the link field comes from a fermion condensate. We 
could also imagine this moose diagram as a picture of a slice of AdS5. If we let the gauged 
5C/(2) site be the UV brane. 





Gauge Symmetry 


UV Brane 


SU{2) 


Bulk 


SU{2) 


IR Brane 






Dual 



CFT with Gauged SU{2) 

+ (2.12) 
S'f7(2)/0 Symmetry Breaking 



then the W gauge boson gets a mass via spontaneous symmetry breaking, a la technicolor. 
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Alternatively, we could reverse the roles of the UV and IR branes, 





Gauge Symmetry 


UV Brane 





Bulk 


SU{2) 


IR Brane 


SU{2) 



Dual 



CFT with Global SU{2) 
+ 

No Symmetry Breaking 



(2.13) 



in which case the W boson is a p-like meson of a confining theory, which is the Abbott-Farhi 
model. Of course, the detailed properties of an ultraviolet gauge boson and an composite 
spin-1 meson are very different, and we can distinguish between Abbott-Farhi, technicolor, 
and the standard model through precision electroweak tests. But given a generic massive 
spin-1 field, we have no a priori reason to label it a VF-like vs. a p-like state. As we will see 
for the simple group little Higgs, by allowing ourselves maximal flexibility in relabeling the 
spin-1 spectrum, we can come up with many UV complete models with the same low energy 
physics. 



3. Four Views of the Simple Group Little Higgs 

We have seen that the fleld can be an auxiliary field for deriving CCWZ or a model of 
the /O-like mesons in HLS. The key point of this paper is that it is entirely consistent for the 
field to be a real gauge field that survives deep into the ultraviolet. The simple group 
little Higgs model is an ideal laboratory to study this possibility, because the symmetry 
structure of the theory makes it possible to imagine many different UV completions. In 
essence, we will show that the distinction between T^'-like gauge bosons and p-like mesons 
can be blurred in these models. Moreover, we will understand that holographic composite 
Higgs models are actually little Higgs theories in the sense that there is always a meaning to 
collective breaking. 

The simple group little Higgs is based on an {SU{3)/ SU{2))'^ symmetry breaking pattern 
where the diagonal SU{3) symmetry is gauged. (We are ignoring hypercharge for simplicity.) 
Using the AdS/CFT correspondence as in eq. (|2.lD , we can easily construct an AdSs model 
to recover the low energy physics of the simple group theory. The brane and bulk gauge 
symmetries are: 





Gauge Symmetry 


UV Brane 


SU{3)v 


Bulk 


SU{3)i X SU{3)2 


IR Brane 


SU{2)i X SU{2)2 



(3.1) 



At low energies, there are the massless SU{2)ew gauge bosons and an SU (3) / SU {2)^s worth 
of Goldstones, which contain an electroweak doublet (the Higgs) and an electroweak singlet. 

Like all little Higgs theories, the simple group theory exhibits collective breaking in that 
no single interaction breaks the global symmetries that protect the Higgs potential, so the 
Higgs mass is not quadratically sensitive to the cutoff {i.e. the confinement scale). It is easy 
to see how collective breaking works in AdS space in terms of boundary conditions on the 
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UV and IR branes ||3^. When the gauge boson boundary conditions are Neumann on either 
brane, then we can go to = gauge, and all the Goldstones are exact {i.e. they are all 
eaten). Similarly, when the gauge boson boundary conditions are Dirichlet on either brane, 
then there are no massless gauge fields for the Goldstones to mix with, so all the Goldstones 
are exact. Only when different components of the bulk gauge field have different boundary 
conditions on each brane is it possible to have pseudo-Goldstone bosons. In the simple group 
theory, there are three interactions that have to be turned on for the symmetries that protect 
the Higgs to be broken: SU{3)v has to be gauged on the UV brane, SU (3)i has to be reduced 
to SU{2)i on the IR brane, and similarly for SU{3)2. 

The lightest KK modes with Neumann boundary conditions on the IR brane are holo- 
graphically identified with the p-like mesons of the confining CFT. We will now perform the 
two-site deconstruction of the AdSs model in eq. (|3.1| ) to show that these p mesons can be 
interpreted as W' gauge bosons in a theory of two copies of QCD with Nf = 3. Following 
the example of eq. (|2.3D , the relevant moose diagram is: 

Global : SU{3f SU{3f 

O — ' — O <'-^> 

Gauged : SU{3)v SU{2f 
Because SU{3)'^ is a direct product space, we can decompose this moose into two pieces: 
Global: SU{3) SU{3) SU{3) SU{3) 

Gauged: SUi2) SU{3)v SU{2) 

The SU{3)v gauge symmetry breaks the approximate SU (3) global symmetries on the boxed 
sites, so we might as well combine those two-sites into a single site. We can now UV complete 
the link fields into fermion condensates from two SU{Nc) confining theories (arrows now 
correspond to fermions): 

Global: SU{3) SU{3) 5C/(3) 

Gauged: SU{2) SU{Nc) SU{3) SU{Nc) SU{2) 

We see that the low energy degrees of freedom in the simple group theory can arise from 
two copies of QCD with Nj = 3, where some of the flavor symmetries have been gauged. 
Indeed, the SU{2)'^ gauge symmetries which had been associated with the holographic p-like 
mesons in the AdSs model are now ultraviolet gauge symmetries associated with W and W' 
gauge fields. If we had deconstructed the original AdSs model with three sites instead of 
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two, we could do the exact same construction to see that the simple group theory could be 
embedded into four copies of QCD, each with Nj = 3 and the appropriate flavor symmetries 
gauged. It is obvious from this construction that any {SU {N) / H)^ little Higgs theory where 
some subgroup of SU{N)^ is gauged can arise from n copies of QCD with flavors with the 
appropriate gauging of the flavor symmetries. 

There is an even more interesting UV completion of the moose in eq. ( p.3| ) inspired by 
the HLS model of the p meson in ordinary QCD |Q. As postulated by |^], there may be a 
"vector limit" of QCD (possibility the large Nc limit) where the p meson is anomalously light 
compared to other QCD resonances. Above the confinement scale, the QCD moose with Nj 
fermion flavors is: 

Global : SU{Nf)L SU{Nf)R 

O — * — © — * — o ^^-^^ 

Gauged : SU{Nc) 

When we describe only the pions of QCD, the low energy description is in terms of the 
nonlinear sigma model moose: 

Global : SU{Nf)L SU{Nf)R 

(3.6) 



The hypothesis of [20| is that the effective description of the pions and p mesons in the vector 
limit of QCD should be: 



Global 



Gauged 



SU{Nf)i 



SUiNj)'^ SUiNf)'^ 
— h 



SU{Nf)R 



L 



(3.7) 



SU{Nf)v 



where SU{Nf)v is the gauge symmetry associated with the p mesons. The point of the vector 
limit is that as the SU{Nf)v gauge coupling is taken to zero, there could be an enhanced 
SU{Nf)'^ "flavor" symmetry in QCD which would allow the longitudinal components of p to 
be the exact chiral partners of the pions. 

In fact, the AdSs metaphor for large Nc QCD with Nj flavors (and no flavor symmetries 
gauged) realizes this scenario explicitly (see e.g. [47| when Nc = 3). The gauge symmetries 
in the AdSs metaphor are: 





Gauge Symmetry 


UV Brane 





Bulk 


SU{Nf)L X SU{Nf)R 


IR Brane 


SU{Nf)v 



(3. 
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and when we deconstruct the AdS space, we indeed generate the moose m eq. (3/7), and 
the higher AdS KK states are weh separated from the p meson. What is amusing is that in 
ordinary QCD, SU{Nf)v is the gauge symmetry associated with the p meson, whereas in the 
original inspiration for the simple group little Higgs, SU{3)v is a gauge symmetry associated 
with an ultraviolet gauge boson. From the point of view of low energy degrees of freedom, 
however, the mooses in eqs. (^) and ( p.7| ) are identical if we set Nf = 3 and gauge an SU{2)'^ 
subgroup of SU{3)l x SU{3)ii. So we see that the simple group theory can arise from one 
copy of QCD with 3 flavors in the vector limit! What was an ultraviolet W gauge boson in 
the original theory is a p meson in this QCD model, but by construction, both theories have 
the same low energy physics. 

From ordinary QCD where Nf = Nc = 3, we know that gp = mp/f.,^ ~ 8, which is too 
large to be the perturbative SU{3)v gauge coupling in the simple group Higgs. The question 
is whether we can decrease gp by going to a large Nc theory. Conventionally, nip is thought 



to be fixed as Nc increases, so by using the \/iVc scaling of /tt in large N theories |48], we 
would predict that gp scales as However, if nip is fixed as Nc increases, then there 

is no reason to expect nip to be well separated from "QCD string" states unless we are in a 
conformal window as in AdS/CFT or if the value of Nf puts us close to the chiral symmetry 
breaking phase transition In other words, while gp would be small at large Nc, the 



effective theory would not be well described by the moose in eq. (3.7) because of pollution 



from higher QCD resonances. A hypothesis presented in [^] is that the vector limit could 
arise if gp decreases faster than l/^/W^, such that mp goes to zero in the large Nc limit. This 
would guarantee a parametric separation between the p mesons and higher QCD resonances, 
justifying the moose description in eq. (|3.7[) . 

Finally, we can interpret eq. ( pl^ ) as a picture of an AdSs space where the left-most site 
is associated with the UV brane and the right-most site is associated with the IR brane. 





Gauge Symmetry 


UV Brane 


SU{2) 


Bulk 


SU{3) 


IR Brane 


SU{2) 



(3. 



Modulo hypercharge, this symmetry pattern is exactly the symmetry pattern of the original re- 
alization of the Higgs as a holographic pseudo-Goldstone boson [21|. Like the {SU {3)/SU (2))^ 



simple group, the minimal model in does not have a natural mechanism for generating 
a large Higgs quartic coupling, and this is to be expected because both theories have the 
same low energy degrees of freedom. So without additional dynamics, neither model can 
successfully trigger electroweak symmetry breaking. The {SU{4:)/ SU{3)y simple group 
does have a way to generate a large Higgs quartic coupling, so an AdSs model with bulk 
SU{4) or S'C/(4)^ gauge bosons might be a good starting point to construct a viable model of 
a composite Higgs boson, assuming there is an AdSs analog of the interactions that generate 
the low energy quartic coupling. (See, however, section |5[) 
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But whereas we call the simple group theory a "little Higgs" theory, generic implementa- 
tions of the Higgs as a holographic pseudo-Goldstone boson are not referred to as little Higgs 
theories in the literature. As we mentioned at the beginning of this section, though, any AdSs 
model with an electroweak doublet Goldstone is a little Higgs theory because there is always 
a notion of collective breaking, namely collectively choosing boundary conditions on the UV 
and IR branes. In terms of the two-site moose from eq. (p.3|), collective breaking means that 
both the gp and gn gauge couplings must be turned on in order for the uneaten Goldstones 
to acquire a radiative potential, and when we interpret the gauge fields as p-like mesons 
from a confining theory, there is a useful notion of collective breaking to the extent that the 
ps are light (i.e. the -ff^ gauge coupling is small, or equivalently, we are in the vector limit of 
the confining theory). 

In other words, what makes an interesting theory of a composite Higgs boson is not 
collective breaking per se, but whether the Higgs potential can successfully trigger electroweak 
symmetry breaking while maintaining a large enough hierarchy between the confinement scale 
and the electroweak scale to avoid precision electroweak constraints. Any old symmetry 
breaking pattern that yields an electroweak doublet Goldstone will be a little Higgs theory 
if there are light p mesons in the spectrum, but only very special theories can generate a 
light Higgs with a large quartic coupling, the necessary ingredients for a successful composite 
Higgs model. In the case that the approximate global symmetries are SU{N)s, we can use 
the technique described in this section to UV complete {SU{N)/ H)"- little Higgs models into 
technicolor. The littlest Higgs satisfies both these criteria, and in appendix ^ we sketch how 
to implement the top sector for the moose in eq. ( 2.1C| ). 



4. Holographic Pseudo-Goldstones as Little Higgses 

We have argued that holographic composite Higgs models are little Higgs theories to the extent 
that we can define a notion of collective breaking in AdS space, and this fact is obvious in 
light of the AdS/CFT correspondence. If the gauge symmetry F on the UV brane is equal 
to G, then all of the flavor symmetries in the dual CFT are gauged so there are no uneaten 
Goldstone modes. If the gauge symmetry H on the IR brane is equal to G, then there is no 
spontaneous symmetry breaking in the dual theory and therefore no Goldstones. (Analogous 
arguments hold when F or H are empty.) In other words, collective breaking in AdS space 
reduces to the condition for the existence of pseudo-Goldstone bosons in the dual CFT [50|. 



Inspired by the G/H moose, there is another way that we can see collective breaking in 
models with holographic pseudo-Goldstone bosons. By "integrating in" the IR brane, we will 
see that these models have identical low energy physics to brane-localized little technicolor 
theories, and the radiative Higgs potential can be made arbitrarily finite without ever having 
to discuss the details of the warped dimension. In effect, the finiteness of the Higgs potential 
has to do only with a small slice of AdS space, and if we are interested only in studying a 
calculable composite Higgs model, then we need not invoke the full machinery of AdS/CFT. 
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We will be able to turn holographic p mesons into brane-localized W gauge bosons, and the 
low energy physics will be shielded from bulk dynamics. 

While the original inspiration for the G/H moose came from AdS/CFT, we show in 
appendix ^ that a G/H nonlinear sigma model can arise from any extra dimension with 
boundaries, including flat space. One advantage of AdS space over flat space is that integrat- 
ing out heavy modes is almost exactly the same as integrating out sites of the deconstructed 
moose. If the lattice spacing is much larger than the AdS length, then from eq. ( A.10| ), we see 
that integrating out the UV brane site is almost exactly the same as integrating out the heav- 
iest mode in the spectrum. In continuum language, we can move the UV brane while keeping 
the low energy physics fixed by allowing couplings on the UV brane to run, and this running 
is holographically dual to renormalization group running in the CFT. In flat space, integrat- 
ing out heavy modes involves all of the sites, and therefore introduces interactions between 
the remaining sites that are non-local in theory space. In AdS space, the induced non-local 
interactions are exponentially suppressed and can be ignored to an excellent approximation. 

For the same reason, if we want to move the IR brane while keeping the low energy 
physics fixed, we have to introduce new degrees of freedom on the IR brane. This takes into 
account the fact that by moving the IR brane, we are integrating out a light degree of freedom 
which has 0{1) overlap with the IR brane site, so we have to integrate this degree of freedom 
back into the spectrum. By deconstructing AdS as in appendix 0, it is easy to see that the 
following theories have identical low energy physics: 



> 

t3 




H 




^ G G G H 
60000 



(4.1) 



where we have placed the N site moose 

Cglobal Crgaugcd Crgauged ^gauged 



(4.2) 



on the IR brane and identified Ggiobai with the bulk gauge symmetry. In order to reproduce 
the desired warp factor as in eq. ( [A.^ ), we have to give an exponential profile to the decay 
constants on the N site moose. If the number of sites is small, then we may not even need to 
UV complete the link fields on the brane because unitarity would not be saturated until well 
beyond the local quantum gravity scale. Alternatively, the link fields could be embedded into 
linear sigma models without any considerable fine-tuning, or we could UV complete eq. ( [4. 2]) 
into brane-localized little technicolor. 
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What is interesting about integrating in the IR brane is that it makes it clear that only 
a small slice of AdS space is necessary to get a finite radiative potential for the holographic 
pseudo-Goldstones. In the case of the SU{5)/ S0{5) littlest Higgs, the one-loop radiative 
Higgs potential for an AdS space with 

F = SU{2f xU{l), G = SU{5), H = SO{5), (4.3) 

was calculated in [|^]. However, by eq. ( [4.lD , we could just as well transition to the analysis of 
[^] for the moose in eq. (^) with an F subgroup of the Ggiobai site gauged. In other words, 
for purposes of understanding the radiative potential for a composite Higgs, a holographic 
composite model and an site moose localized on the IR brane will give nearly identical 
results, and the results can be made arbitrarily similar by adjusting the decay constants and 
gauge couplings on the A^ site moose to match the holographic resonances of the initial CFT. 

For concreteness, in the original littlest Higgs Q, the radiative Higgs quartic coupling 
from the gauge sector was quadratically sensitive to the cutoff: 

A - l^Jyalw. (4.4) 



where qew is the low energy SU{2)ew gauge coupling. In the holographic model of [^, the 
Higgs potential was finite and parametrically scaled as 

A ~ J^/ew (4.5) 

In the littlest Higgs with a composite p meson modeled by HLS (i.e. eq. ( [4.2| ) with two 
sites) pO| ], the Higgs potential was logarithmically sensitive to the scale of the second p-like 
resonances, but setting these logarithms to one, the Higgs quartic scaled as: 

2 

TTL 

^ - J^slw (4.6) 

(We could remove all logarithmic sensitivity by transitioning to a three site moose.) If we 



make the identification A ~ nip ~ AL'nfl^fN'c |48], then these results scale in the same way as 
expected. 



More importantly, once we believe that eq. (|4.1|) accurately describes the same low energy 



physics, the analysis of |3y] and |Q for the one-loop radiative Higgs potential will be nearly 
identical once we match the spectra of the two theories. Because we have moved the IR brane 
in, pollution from bulk gauge boson KK modes as well as 5D quantum gravity effects occur 
at a much higher scale, so corrections to the radiative potential from bulk dynamics or from 
the details of how the brane-localized moose is UV completion are very suppressed. 

In other words, the statement that holographic pseudo-Goldstones are little Higgses is 
another way of saying that locality in AdS space can me mimicked by locality in theory space. 
Indeed, by integrating in the IR brane, locality in AdS space becomes locality in theory space. 
In little technicolor models, collective breaking is manifest because the gauge coupling on each 
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site has to be turned on for the Higgs to pick up a radiative potential. The analysis of 
further guarantees us that at the one-loop level, only a few sites are necessary on the IR 
brane to get finite and calculable radiative corrections without ever needing to understand 
bulk dynamics. In appendix]^ we consider the reverse situation, and show how all information 
about how G is reduced to H on the IR brane can be absorbed into small perturbations of 
the warp factor near the IR brane. 



5. Vacuum Alignment 

One challenge to constructing viable little Higgs theories is vacuum alignment. In the 
SU{6)/ Sp{6) little Higgs ||8|, there is a gauged 5C/(2)^ subgroup of SU{6), and it is es- 
sential that the breaking of SU{6) — > Sp{6) also breaks SU{2)'^ SU{2). Similarly, in the 
{SU (4) / SU (3))^ theory Q, pairs of the SU{3) subgroups must be misaligned when the diag- 
onal SU (4) gauge symmetry is turned on in order to have a light Higgs doublet with a large 
quartic coupling. Therefore, an ultraviolet completion of a little Higgs theory must not only 
break G ^ H, but when an F subgroup of G is gauged, the relative orientation of F and H 
(and the various subgroups of H) must be radiatively stable. 

In little technicolor, we are specifying the UV completion of eq. ( |1.1D where QCD dy- 
namics guarantees that SU{N)l x SU{N)r will break to the diagonal SU{N) as long as we 
are on the correct side of the chiral symmetry breaking phase transition. Once we choose a 
generator basis for SU {N)l x SU {N)r, we can of course gauge any subgroup F x H we wish. 
However, there is no guarantee that in this basis the fermion condensate {ijjip'^) will point in 
the direction of the identity. If we assume that the SU{N)l x SU{N)ii flavor symmetry is 
exact above Aqcd, then the orientation of {ipip^) (and hence the relative orientation of F and 
H) is determined solely by radiative corrections. 

Vacuum alignment for the little technicolor version of SU {&) / Sp{&} theory was implicitly 



studied in [40| where it was found that gauge boson loops do not favor SU{2)'^ — > SU{2) 
breaking. The little technicolor version of the (S'C/(4)/S'C/(3))^ simple group theory has the 
following low energy moose: 





Global 


Gauged 


A 


SU{A) 


S[/(4) 


B 


SU{A) 


SC/(3) 


G 


5?7(4) 


SC/(3)' 



(5.1) 



where SU (3) and SU (3)' are misaligned in some suitable basis. However, it can be shown 




that the gauge loop Coleman- Weinberg potential |51] for the link vevs wants to align S'C/(3) 
and 5C/(3)', agreeing with the general lore that the vacuum points in the direction that yields 
the largest number of light gauge bosons. 

Of course, it is possible to force a particular vacuum alignment by including operators 
in the ultraviolet theory that explicitly break the global symmetries. For example, one could 
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include four fermion operators in the ultraviolet completion of eq. (5.1) to force the misalign- 
ment of SU{3) and 817(3)' at tree level. Also, radiative contributions from the fermion sector 
may affect the choice of vacuum. The point to keep in mind when constructing ultraviolet 
theories based on little technicolor is that while there is complete freedom (up to anomaly 
cancellation) in the choice of F and H, one must check that the stable vacuum gives the 
desired spectrum of light gauge bosons. In the case of the littlest Higgs in eq. ( p. 10 ), the 
vacuum indeed aligns in the correct direction pO|. 



6. Future Directions 



In this paper, we have explored a beautiful connection between an array of ideas that were 
already tantalizingly related, but which become even more intertwined in the context of 
AdS/CFT. HLS is a model for the p mesons in QCD which is known to generate G/H 
flavor symmetry breaking that is phenomenologically described by CCWZ which is the key 
to constructing little Higgs theories. AdS/CFT allows us to explicitly realize the vector 
limit (i.e. large Nc or light p meson limit) of a confining theory, and once we deconstruct 
the corresponding AdSs model, we are free to interpret the link fields either as Wilson lines 
constructed out of A^, or as fermion condensates from a completely different QCD theory. 
In other words, we can interpret the light spin-1 degrees of freedom either as holographic 
p mesons or as ultraviolet W' gauge fields that acquire a mass via spontaneous symmetry 
breaking. Similarly, by integrating in the IR brane in AdSs models, we saw that holographic 
p mesons can be reinterpreted as brane-localized W gauge bosons. 

Note that there is no deep duality between the holographic CFT and the new QCD 
theory. Just like Abbott-Farhi, all we have shown is that two different theories can have 
the same low energy degrees of freedom, and this is particularly interesting in the context 
of the little Higgs, where the relevant phenomenology depends almost entirely on the low 
energy spectrum. What is a bit surprising (but obvious in retrospect) is that one possible 
UV completion of an {SU{N)/H)'^ little Higgs is n copies of technicolor! We have known 
since |15, 16] that ordinary QCD could give masses to W and Z bosons through spontaneous 
symmetry breaking; now we know that ordinary QCD can give rise to an electroweak doublet 
pion which can subsequently break electroweak symmetry. This allows us (or dooms us, 
depending on your perspective) to use the full machinery of extended technicolor ||4^, ^] and 
walking technicolor [52| to address phenomenological questions in little Higgs theories (see 
appendix |C|) . 

What is not obvious is whether general [G/H)"^ symmetry breaking patterns can emerge 
out of moose-like confining theories. A two site moose with global SU{N) sites looks like the 
pion nonlinear sigma model of QCD, but in order to construct moose diagrams for SO{N)/H 
theories (such as the SO {9) /{SO {5) x SO (4)) model of H), we would have to find a UV 
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completion for the moose link field: 

Global : SO{N) 50(iV) 



SO{N) 



1 

h- 



-02 
-> 



SO{N)r 



(6.1) 



Gauged : 



i7 



??? 



In order to have SO{N) flavor symmetries, the confining group must have real representations. 
To keep the SO{N)'^ flavor symmetry from enlarging to an SO{2N) flavor symmetry, the 
confining group must have two different real representations Ri and R2. Furthermore, for 
SO{N)'^ to spontaneously break to SO{N)v via confinement, the most attractive condensate 
must be (R1R2). Whether these situations can in fact be realized is an open question, 
though it seems highly unlikely for G to be one of the exceptional groups. Alternatively, if G 
is some subgroup of SU{N), we could start with SU{N)'^ / SU{N) chiral symmetry breaking 
and introduce large S'C/(A^)-violating (but G-preserving) spurious on each of the sites to lift 
the masses of the unwanted Goldstones. Interestingly, the only constraint on the subgroup 
H is anomaly cancelation, because we can weakly gauge any global symmetry we wish. 

We have seen that the G/H moose in some sense trivializes the CCWZ prescription, and 
is interesting to wonder whether the same construction might trivialize another consequence 



of spontaneous symmetry breaking: the WZW term |22, 23]. The WZW term accounts for 
the fact that anomalies above the confinement scale must match anomalies in the low energy 
effective theory [54|. It is well-known that a Chern-Simons (CS) term in the bulk of AdSs can 
transmit anomalies from the UV brane to the IR brane [^], giving a nice 5D representation 
of anomaly matching in the holographic OFT. It is also well-known that the WZW term can 
be derived by considering a CS term in the interior of a 5-ball, with ordinary 4D space-time 
on the boundary of the ball 56], though to concisely express the WZW only in terms 



of phenomenological variables requires the full machinery of differential geometry j57]. It is 



even known how to derive the WZW term in the language of HLS ]58, 59], so it should be 
possible to understand the WZW term in term of the G/H moose. 

The difficulty is how to deconstruct the CS term in AdSs, because by design, gauge 
transformations of the CS term introduce new terms on the UV and IR branes. Deconstructing 
a dimension usually involves going to = gauge and then reintroducing Wilson line link 
fields, and in principle, one should track changes in the CS term through this whole procedure. 
In the context of QCD, the deconstructed CS term has already been studied based on the 
following moose ]pO[: 



Global 



SU{Nf)i 



SU{Nf) 



R 



(6.2) 



Gauged: SU{Nf)L 



SUiNf)R 



where the gauged SU{Nf)i correspond to arbitary left- and right-handed currents. Now with 
inspiration from AdS/CFT, we want to understand the CS term in the G/H moose, where 
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the natural variable is ^, the "square root" of S: 

Global : SU(N,)l x SU(N,)a SU{N,)l x SU{Nj);i 

O ^ O ^'■''> 

Gauged: SU{Nf)L x SU{Nf)R SU{Nf)v 

In deriving CCWZ from the G/H moose, we saw that an essential step in constructing the 
Goldstone kinetic terms was integrating out the i^^ field (here, the SU{Nf)v gauge bosons), 
and we expect that this will also be an essential ingredient in constructing the moose-ified 
WZW term. 
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A. Warped Dimensions and Nonlinear Sigma Models 

In this appendix, we review how to identify the component of a bulk gauge field with a 
nonlinear sigma model link field ^. We derive the effective lagrangian for ^ in any theory 
where the extra dimension is an interval and the 4D slices are Minkowski space. 

We first note that this construction is unique to extra dimensions with boundaries. If we 
had a compactified fiat extra dimension with circumference R and bulk gauge fields, there 
would be two massless states: a spin-1 zero mode (A^^^) and spin-0 zero mode (A^^^). However, 
with the minimal gauge kinetic lagrangian, there is zero amplitude for A^^ A^^ scattering, so 
the effective pion decay constant for A^^^ is /,r = c»- We can see this in two ways. First, by 
KK momentum conservation, there is no 

vertex, so when we integrate out the heavy gauge modes, we do not generate a 

(4°)a,4°))2 (A.2) 

four-point interaction. Second, we can imagine deconstructing the compactified dimension 
with link fields. Each link Ui has decay constant /, and the product of the link fields 
U = U1U2 • • - Un plays the role of the A^ zero mode. It is easy to show that the effective 
decay constant /tt for U is = Np. In terms of the 5D gauge coupling 35 and the lattice 
spacing a = R/N, 



f = ^, fl = Nf = ^ = 4-.^ (A.3) 
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where 54 = 5(5 / v i? is the effective 4D gauge couphng. For fixed lattice spacing, f.^ is finite, 
but as we go to the continuum theory a ^ 0, the pion decay constant f.,^ goes to infinity. In 
other words, with a homogeneous compact extra dimension, the zero mode is simply a 
free scalar field, and cannot be interpreted as a nonlinear sigma model. 

When the extra dimension is an interval with fixed boundaries (or a compact space with 
defects Q), there is no KK momentum conservation, and we can generate an eff'ective A^^ 
four point interaction. In fiat space, we can easily estimate /jr. The coefficient of the vertex in 



eq. ( A.l) is 54 because it arises from gauge interactions. For an interval of length R, the mass 



of the first KK mode is 1/R, so integrating out the massive mode, the vertex in eq. ( A. 2 ) has 
coefficient g^B?'. In terms of the pion decay constant, 

j,{4'd,^')\ f. = (A.4) 

As expected, /tt is proportional to the only mass scale in the theory 1/R, and goes to infinity 
as the gauge coupling goes to zero. 

Of course, this argument assumed that such an A^^^ zero mode existed, and this depends 
on the boundary conditions on the interval. If A^ has Neumann boundary conditions at 
either boundary, then we can simply go to A5 = gauge, and there is no candidate for the 
nonlinear sigma field. The only way that there can be uneaten (psuedo-)Goldstone bosons is 
if some components of A^ have Dirichlet boundary condition on both branes [|2l|, and looking 
at eq. ( |2.1| ), the A^ zero modes in G/{F U H) are indeed the uneaten Goldstones. 

In an arbitrary warped space, we can figure out the pion decay constant for the Goldstones 
most simply by deconstructing the fifth dimension. Consider a metric for an extra dimensional 
interval with 4D Minkowski slices: 

ds2 ^ e-2'^(^)r/^^dx^dx'^ - dy"^ , (A.5) 

where < y < R, and (T{y) is an arbitrary function. Assuming no boundary kinetic terms, 
the action for bulk G gauge bosons is: 

S = -}. fd^a:dy\tv (F^, - 2e-''^F^^,) . (A.6) 
^ J 95 



We can deconstruct this action with + 1 sites, links, and equal lattice spacing a ||32| : 



AO Al aN-1 aN 

Ui U2 Un-i Un ^ (A.7) 
—> ( ) > ) ( ) > — 



The action for this system is 
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where a,- = a(ai), and the hnk field covariant derivative is 



DMi = dMi + iA'-^U, 



(A. 



At this point, we have not specified the boundary conditions on the end sites. For simphcity, 
we take = 0, which corresponds to not gauging any subgroup of the G global symmetry 
in the dual theory. Similarly, we take Aj^ G if to account for the spontaneous breaking of 
G to in the dual theory. We can go to a unitary gauge where Ui = 1 for 1 < i < — 1 
and Ujy = S, ^ G/ H . The spectrum consists of the massless Goldstones in ^, and a tower of 
massive spin-1 fields. 

It is straightforward to integrate out these heavy spin-1 fields to arrive at an effective 
lagrangian for ^. Going to canonical normalization for the gauge fields and ignoring the gauge 
kinetic terms, eq. ( A. 8 ) becomes with our gauge choice: 

7V-1 



C = ml tr(4)2 +Y,m^tv {A"-' - A^^+ m% tr 



i=2 



95 ^ ^ 



N 



where rrii = e ^^/a. Integrating out the massive Ai fields: 

£ = /2fftrp^p|,, 
where is given by eq. (2.5) with = 0, and 



1 

cff 



91 a 



N 



,2o-,; 



(A.IO) 



(A.ll) 



(A.12) 



At we saw in section ^, this is precisely the CCWZ kinetic term for a G/H nonlinear sigma 
field. 

Going to the continuum limit of eq. ( A.12| ), the pion decay constant for ^ is 



1 2 , 

72- = 94R I dye 

/eff 



My) 



(A.13) 



In the case of a fiat extra dimension, /eg = l/g4,R as we guessed in eq. (A^). In AdS space, 
the warp function is cr{y) = ky, and in the limit kR ^ 1, 

This result is parametrically what we expect from AdS/CFT. It is customary to define the 
AdS perturbative expansion parameter gp = g^^/kR, which can be holographically identified 
as gp ~ Ati/^/N in a large CFT |27|. The scale ke~^^ can be roughly identified with the 
confinement scale Aqcd- So we see that in AdS space 



/cff 



(A.15) 



giving the expected v A^ scaling of f^s from the dual CFT description |48]. 
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B. Boundary Condition Breaking vs. Linear Sigma Models 



In section ^, we were implicitly using Dirichlet boundary conditions to reduce the gauge 
symmetry on the UV and IR branes when we deconstructed AdSs. One might worry that 
this construction is not entirely general because it is also possible to reduce the symmetries 
by linear sigma fields on the branes (or even by brane-localized technicolor). In AdS model 
building, the vev of the linear sigma field is often a free parameter that is adjusted to match 
phenomenology. Boundary condition breaking is the limit that the vev of the linear sigma 
field goes to infinity, and it may seem like we are neglecting an additional free parameter by 
always going to this limit. 

In the case that the vev is much smaller than the scale of the IR brane, then we might 
as well not even talk about AdS space, because the low energy degrees of freedom (including 
the radial modes of the linear sigma field) are well separated from the AdS KK excitations. 
In the case that the vev is comparable to or larger than the IR brane scale, then the details 
of how the symmetries are broken are irrelevant for low energy physics, so all we care about 
is the resulting nonlinear sigma field on the IR brane after symmetry breaking. 

We will see that a nonlinear sigma field on the IR brane is equivalent to a different AdS 
space with boundary condition breaking on the IR brane but with a slightly distorted warp 
factor. (An identical story holds for UV brane symmetry breaking.) To make this discussion 
more concrete, we will imagine that G/H is a symmetric space. Let T"" be the generators 
of H and X"" be the generators of G/H. A symmetric space has a Z2 automorphism under 
which 

We can then construct the object S = = where tildes indicate the image of a field 



under eq. (B.l). S has the nice property that it transforms linearly under G 

S ^ ^S^t, (B.2) 

so we can imagine S arising from a linear sigma field ^ g'^g^ that gets a vev ($) = U. If 
an F subgroup of G is gauged, the kinetic term for S is 



£s = ^tr|D^S|2, Z)^.S = 5^S + iF^S-«SF^. (B.3) 



Using the Z2 automorphism on eq. (2^) it is easy to show that 



^-^iT\D^n^ = ftij^pl, (B.4) 
as in eq. ( |2.7D . In other words, the following moose diagrams have identical low energy physics: 

Gglobal Gglobal -^^gauged 

i ^ (B.5) 
) 
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where it is understood that S transforms as S ^ 9'^9^ ■ 

If we insert the nonhnear sigma field on the IR brane, the G global symmetry is identified 
with the bulk G gauge symmetry. Deconstructing the AdS space, we have two theories with 
identical low energy physics: 



^gauged Crgauged Crgauged 




(B.6) 



The first moose is just the deconstructed version of nonlinear sigma field living on the IR 
brane. The second moose can now be interpreted as a deconstructed AdS space where the IR 
brane is slightly shifted and boundary conditions reduce the gauge symmetry to H on the IR 
brane. In order to account for the fact that the decay constant on the ^ link might not track 
the standard warp factor when we reconstruct the AdS space, we would have to allow warp 
factor to be slightly perturbed near the IR brane. 

In fact, as we have already seen in eq. ( [4. 1[ ) , we could put the site moose of eq. (^^) on 
the IR brane because this moose also describes a G/H nonlinear sigma model at low energies. 
The point is that it hardly matters how one breaks G ^ H on the IR brane because all the 
relevant information for how it is broken can be absorbed into a redefinition of the warp factor 
near the IR brane. Similarly, it is often computationally simpler to work with an IR brane 
nonlinear sigma field instead of boundary condition breaking, and if we look at eq. (|A.12| ) m 
appendix we see that the decay constant for S (which is the same as the decay constant 
for ^) can be taking to infinity but the effective G/H pion decay constant will still be finite. 

Another interesting question with respect to linear sigma models and boundary condition 
breaking is what fields are responsible for unitarizing Goldstone-Goldstone scattering in AdS 
space. This is relevant both in Higgsless theories ||6l|, where the Goldstones are the longitu- 
dinal modes of the W and Z bosons, and in composite Higgs models [^, ^] where some of 
the Goldstones comprise the Higgs boson. In the context of the littlest Higgs, there should 
be fields in the AdS construction of |30| that restore perturbative unitarity of Goldstone scat- 
tering []62| . If G is broken to H on the IR brane through a linear sigma model and the vev of 
the linear sigma field is much smaller than the IR brane scale, then unitarity is restored by 
the radial modes of the linear sigma field, in analogy with the ordinary Higgs mechanism. 

When the linear sigma vev is comparable to the IR brane scale, however, the IR brane 
Goldstones mix with the bulk gauge fields, and it is no longer accurate to think of the physical 
Goldstones as being entirely localized on the IR brane. In that case, one expects that unitarity 
is restored by some combination of the radial modes of the linear sigma field and the KK gauge 
bosons that have the same quantum numbers as the radial modes. The radial modes fill an 
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adjoint and a singlet of H, and there are certainly KK gauge bosons that transform as adjoint 
of -ff , namely those with Neumann boundary conditions on the IR brane. In the limit that the 
linear sigma vev goes to infinity, the KK gauge bosons with Dirichlet boundary conditions on 
the IR brane are singlets under and we also expect that there will be other singlet states 
corresponding to broad resonances of the CFT ("QCD string" states) The point which 
is made obvious by the two-site deconstruction is that even when the linear sigma vev goes 
to infinity, there is still a state in the theory that has the quantum numbers to potentially 
address Goldstone-scattering unitarity, namely the field. Whether unitarity is actually 



restored for arbitrary boundary conditions of course requires a more complete analysis |61]. 
C. Fermions and the Moose-ified Littlest Higgs 

To construct a realistic littlest Higgs theory, we have to include the fermion sector of the 
standard model. In this appendix, we sketch how to incorporate the top quark into the 
Nf = 5 QCD UV completion of the littlest Higgs from eq. ( p.lO| ): 

Global: SUi5)L SU{5)r 

^ © ) O (C.l) 



Gauged : SU{2f x U{1)y SU{N^) S0{5) 

When SU{Nc) confines, {ipip'^) condenses to become the link field ^. We will see that while 
it is certainly possible to include standard model fermions in the moose-ified littlest Higgs, 
we will run into many of the same challenges from technicolor in trying to generate a large 
enough top Yukawa coupling. Also, we will ignore any possible gauge anomalies, though for 
generic fermion content, there will be anomalies associated with the 5C/(2)^ x U{1)y gauge 
group. 

In the original language of global SU{5)/ SO{5) breaking [||, the relevant Goldstones 
were packaged into the field S = .^^Sq, where 

( '\ 

So ^ 1 • (C.2) 

S transforms as S — > VT,V'^, where V E SU{5). The Higgs doublet comprises four of the 
Goldstones in ^. We will use the gauge sector and fermion content of [14|. In that case, there 
is an SU{2Y x U{1)a subgroup of SU{5) generated by 

Q1=(j''^^ y Q^=(^ -a*V2)' ^ = diag(l,l,0,-l,-l)/2. (C.3) 

Both SU{2) subgroups are gauged, and the breaking of SU{5) — > 5*0(5) Higgses SU(2)'^ to 
the diagonal SU{2)ew- There is a separate U{1)b group, and hypercharge is generated by 
Y = A + B. 
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The fermion lagrangian of the Uttlest Higgs can be written compactly as 
C = f (AiQStQ'^ + AsQSoQ^ + X^Q^^Q^ + h.c. 
where / is the decay constant of i^, and the fermions transform as: 



(C.4) 





SU{3)c 


SC/(5) 


U{1)b 


Q 


3 


5 


+2/3 




3 


5 


-2/3 


Q 


3 


5 


+2/3 




3 


5 


-2/3 



(C.5) 



where SU (3)c is the color gauge group. As written, the lagrangian in eq. (|C.4| ) does not break 
any of the SU{5) symmetries that protect the Higgs. However, SU{5) is explicitly broken 
because Q and Q'^ are incomplete SU (5) multiplets: 



Q 




Q 





(C.6) 



In order for the Higgs to acquire a radiative potential from the top sector, each Aj must be 
non-zero, and therefore eq. (C.4) manifestly exhibits collective breaking. (See [0, ^ for a 
more detailed discussion of the structure and purpose of this fermion content.) Couplings to 
other standard model fermions can be included by adding explicit SU{5) violating couplings 
to S. 

To simplify the discussion a bit, we will work in a slightly different SU (5) basis where 
So = U. The unbroken 50(5) generators Ta and the broken SU{5)/ SO{5) generators Xa 
satisfy 



Xn — X„ 



(C.7) 



We see readily that SU{5)/ S0{5) is a symmetric space where the Z2 automorphism is Qa — ^ 
— Qa- Note that ^ = e'^'^aXa^ go ^ = ^'^ . For this reason, is convenient to make explicit the 
implied transposes in eq. ( |C.4| ): 



^ = / ( XiQ^CC^Q" + AsQ'^Q" + XsQ^Q" + h.c. 



(C.8) 

We are already anticipating that ^ will transforms as ^ ^ L^R^ under SU{5)l x SU{5)ji as 
suggested by eq. (|C.1| ). Note that ^^'^ is indeed invariant under S0{5)ii, which is necessary 
for the gauge invariance of the QCD moose. 

There are three simple ways to embed the fermions from eq. ( |C.8D into the QCD moose. 
The first is to simply identify the original SU{5) with SU{5)l, in which case the Ai interaction 
would arise from the dimension nine operator 

1 



(C.9) 
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where we are imagining that there is some new physics at Mnp that generates this interaction. 
This is a highly irrelevant operator, and unless we postulate some large anomalous dimension 
for the condensate {ipip'^) fS^ , it seems highly unlikely to ever end up with an 0(1) Ai if Mnp 
is much different from Aqcd- 

Another way to include fermions is to take a cue from the AdSs construction of ||3^. In 
that case, Q and Q'^ are bulk fermions, so in the moose of eq. we should have Q and 

Q'^ fermions charged under SU{5)l and x E^nd x'^ fermions charged under SU{5)r with the 
same SU{3)c and U{1)b charges as their counterparts. The generalization of eq. (|C.8|) is 



jC = f (XiaQ^ex" + XibX^^^Q" + AlcxV + AaQ^Q^ + XsQ^Q" + h.c) , (C.IO) 



which is invariant under SU{5)l x SU{5)r when SU{5)ii is restricted to S0{5)ji. Integrating 
out X and x'^^ we see that Ai = AiaAib/Aic- In terms of the fermions ip and ip^, we could gen- 
erate the appropriate four fermion operators through an extended technicolor-like mechanism 
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^Q^ii^rrx', m,xV, (C.ll) 

where we are assuming that all gauge couplings are large (~ 47r). If the condensate {ipip"^) 
takes its NDA value 47r/^, then parametrically 

Ai-TTT^^' AQCD~47r/. (C.12) 

^ETC"^X 

In order to have Ai ^ C(l)) the ETC scale must be quite low or the {ipip'^) must have a 
large anomalous dimension. Also, to have a realistic top Yukawa coupling and a light t' 
fermion partner, all of the Aj values must be roughly the same, and in this scenario, there is 
no explanation for why the QQ^ and QQ'^ mass terms will be roughly the same size as the 
interaction. 

Finally, we can rewrite eq. ( |C.8| ) equivalently as 



C = f (Ai(e^Q)^(e^Q^) + X2Q^C{^^Q') + Xsi^^QfeO' + h.cj . (C.13) 
This suggests that we could identify ^'^Q = Q' and ^^Q'^ = Q"^ as fundamentals of 5f7(5)ij: 
^ = / (XiQ'^Q'" + AaQ^eQ" + X^Q'^^^Q'^ + h.c) . (C.14) 



Though it might appear that Q' and Q"^ have lost information about their SU{2)'^ charges, 
recall that when we integrate out the 50(5) gauge bosons, couplings to the gauged subgroup 
of SU{5)l are induced as in eq. (p.Sj). We can now use an ETC-like mechanism to generate 
the operators 

^Q'^i^Pr)Q-, ^Q'^{^Pi^rQ''■ (CIS) 

-''^ETC ^'^ETC 
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Again, without a low ETC scale or a large {ipip'^) condensate vev, it will be difficult to generate 
a large enough top Yukawa coupling, and there is no reason why the Aj values should be 
similar. 

Of course, apart from the A, degeneracy problem, these difficulties in generating realistic 
Yukawa couplings are identical to issues in technicolor. To the extent that little Higgs theories 
predict perturbative physics well above the the electroweak scale, the moose-ified littlest 
Higgs is an improvement over technicolor in that it has a realistic chance to address precision 



electroweak constraints. The lack of a GIM mechanism [13| in extended technicolor means that 
the implementation of fermions presented in this section will most likely generate large sources 
of flavor violation unless we are able to raise the ETC scale via some walking mechanism. 
But in terms of the particle content of the littlest Higgs (if not the actual numeric spectrum 
of the theory), we have seen that it is fully consistent to embed standard model fermions in 
an Nf = 5 QCD UV completion of the littlest Higgs. 
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